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Abstract. Two classical results characterizing regularity of a convergence 
space in terms of continuous extensions of maps on one hand, and in terms of 
continuity of limits for the continuous convergence on the other, are extended 
to convergence-approach spaces. Characterizations are obtained for two alter- 
native extensions of regularity to convergence- approach spaces: regularity and 
strong regularity. The results improve upon what is known even in the conver- 
gence case. On the way, a new notion of strictness for convergence-approach 
spaces is introduced. 



1. Preliminaries 

1.1. Convergence spaces. For a set X, we denote the set of all filters on X as 
¥X, and the set of all ultrafilters on X as VX. For J-,Q ^ FX, we say that T 
is finer than Q, denoted > Q, if for every G ^ Q, there is an F e 7^ such that 
F C G. We further denote the set of ultrafilters finer than some J' G ¥X as U(7^) , 
and the principal filter of A C X is denoted {A}^. More generally, if ^ C 2''^ then 
:= {B C X -.BAe A, A<Z B}. Note that if T e¥X and S : X ^ FY then 

:= U n 

is a filter on Y. 

For some relation ^ between FX and X, we say that T £ FX converges to x G X, 
denoted x G lim^ J^, if x) £ f . The relation ^ is called a preconvergence if it 
satisfies the following conditions: 

J- < G lim^J-" C lim^Q] 

VJ", g e FX, \im^{T AG) 2 limj J" n lim^^, 
and a convergence if it additionally satisfies 

Vx & X, X & lim^ja;}^. 

The pair (X, ^) is called a convergence space if ^ is a convergence on X. We 
also write |^| for the underlying set X of ^. Of course, every topology can be con- 
sidered as a convergence, because the convergence of filters induced by a topology 
determines this topology. 

Given a map / : X ^ F and J" £ FX, let /[J"] {/(F) : F 6 7"}^. Given 
convergences ^ and r, a map / : |C| — s> \t\ is continuous if 

/(lim^^) Clim,/[^]. 
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More generally, we can extend convergence to filter-bases by lim^ B := lim^ B^, 
so that we do not distinguish between a filter-base and the filter it generates unless 
explicitly needed. The category with convergence spaces as objects and continuous 
maps as morphisms is denoted Conv. The category Top of topological spaces 
and continuous maps is a full subcategory. Conv is topological category, that 
is, admits final and initial structures. Thus subspace and product structures are 
defined as usual as the initial structures for the inclusion map, and for projections, 
respectively. In particular, ii A C X where {X,(^) is a convergence space, 
denotes the convergence induced on A by ^, that is, a G lim^i^J^ if and only if 
a G lim^ where i : A ^ X is the inclusion map. 

The adherence of a filter J- for a convergence ^ is by definition 

adh^T := hm^Z^ 

and we write adh^i^ for adhj{F}^. Given A C 2l^l we define 

adh^^ := {adh^A : AeA}. 

A convergence ^ is said to be regular if 

lim^J^ C limj(adh^J^) 

for every T G An alternative characterization (see, e.g., [F]) is that (X,^) is 

regular if and only if 

lim^5(J") C lim^l[J-] 

for every non-empty set A, every maps I : A X and S : A ^ ¥X with l{a) G 
limjiS(a) for every a € A. 

Regularity can be localized: we call a point x of a convergence space {X,£^) a 
regularity point if 

X G lim^J-" X G lim^adh^J^, 

equivalently if 

X G limj5(J^) X G lim5^[J^], 

for every non-empty set A, every maps I : A ^ X and S : A ^ ¥X with l{a) G 
limjiS(a) for every a A. 

A convergence ^ is a pretopology if 

lim^ ^ 

Ten Ten 

for every D C F|^|. 

A convergence space {X, £_) is diagonal if for every map S : X ^ FX such that 
X G limjiS(a;) for all a; G AT, 

lim^J^ C limjiS(J-'), 

for each G FA. A convergence is a topology if and only if it is a diagonal 
pretopology. 

Given a convergence ^ on A, there exist the finest pretopology 5*0^ that is coarser 
than ^, and the finest topology that is coarser than ^. The maps Sq and T define 
concrete functors from Conv to the full subcategories PreTop of pretopological 
spaces, and Top of topological spaces respectively. These two functors are reflec- 
tors. 
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1.2. Convergence-approach spaces. Convergence-approach spaces, introduced 
in [7], generahze convergence spaces. 

A map A : (FX) — [0, oo]'^ is called a preconvergence- approach limit on X if 

VT,ge¥X, X{TAg)i-) = A(^)(.) VA(g)(-), 
(0) and a convergence- approach limit if it additionally satisfies 

\/x e X, \{{xy){x) = 0. 

The pair (X, A) is called a convergence-approach space, or CAP space. We often 
denote a CAP space {X, A) simply by X and we denote by Xx the associated limit. 
A function f : X ^ Y between two convergence-approach spaces is a contraction 

if 

Ay(/[-^])(/(-))<Ax(^)(.) 
for every E ¥X. We denote by Cap the category of convergence- approach spaces 
and contractions. This is a topological category, so that subspace and product 
structures are defined as usual as the initial structures for the inclusion map, and 
for projections respectively. In particular, if ^ is a subset of a CAP space (A", A), 
the subspace convergence-approach limit is A|^ defined by A|^(J-')(a) = X(i[J-]){a) 
where i : ^ A" is the inclusion map. 

Each convergence space (AT, ^) can also be considered a convergence-approach 
space by letting 

if a; G limjj-" 
oo otherwise. 

Conv is included reflectively and coreflectively in Cap: If {X, A) is a convergence- 
approach space, the Conv-coreflection c(A) is defined by a; G lmii.(^x)J- if and only 
if X{T)(x) = 0, while the Conv-reflection r(A) is defined by a; G \imj.(^x-fj^ if and 
only if X{J^){x) < oo. 

Similarly to adherence of sets in convergence spaces, we define, given a CAP 
space {X, A), a subset A of X and e > 0, the e-adherence of A: 

A'-'^ ^{xeX : 3U e VX, AeU, X{U){x) < e}, 

and we let A'-"^ := {A'-^'> : A e A} whenever A C 2^ . 

Let © : [0, oo] x [0, oo] — > [0, oo] be a commutative and associative binary opera- 
tion such that 

(1.1) 0©r = r 



X^iT)ix) 



(1.2) r®/\a=/\{r®a) 

aeA aeA 

for every r £ [0,oo], and AC [0,oo] (0). The two leading examples are the usual 
addition + of [0, oo], and pairwise maximum V. 

Note that (|1.2p ensures that © preserves order, that is, 

(1.3) a <b and c < d =^ a® c < b ® d, 
^This condition implies in particular that 

T<g ^ A(j-)(-) > A(e;)(-). 

^that is, [0, oo] is a quantale for the reverse order, with neutral element 0. 
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and thus V < ®, by combining (|1.3p with (jl.ip . Moreover, (|1.2II also gives 

(1.4) (a + e)©(6 + e) ^ a©6. 

A convergence-approach space {X, A) is (B-regular if 

(1.5) A(^(^))(.)<A(J-)(.)©e 

for all T G FX and e G [0, oo]. +- regularity and V-regularity are usually called 
regularity and strong regularity respectively |lj. Like regularity in Conv, an al- 
ternative characterization of ©-regularity is available (see, e.g., [T]): a CAP space 
{X, A) is ©-regular if and only if 

(1.6) A(/[^])(.) < A(5(^))(.) © V A(5(a))(/(a)) 

aeA 

for every A ^ ^, I : A X and S : A ¥X. 

Regularity can be localized: we call a point x of a CAP space a (B -regularity 
point if (|1.5p . equivalently (|1.6|) . is satisfied at x. 

A CAP space (X, Ax) is (B- diagonal if 

A(5(^))(.) < A(^)(.) © V X{S{a)){a) 

aex 

for every JT e FX and S : X ¥X. Note that a -I— diagonal CAP space is usually 
called diagonal. 

A pre-approach space {X, A) is a CAP space satisfying 

^ ( n ) = V 

\.FGD / J^eD 

for every B C FX. 

A pre-approach space that is -I— diagonal is called an approach space (e.g., [7]). 
More generally, we call ®- approach space a pre-approach space that is ©-diagonal. 
V-approach spaces are also called non-archimedean approach spaces, because a met- 
ric approach space is non-archimedan in the metric sense if and only if it is non- 
archimedean in the Cap sense fT. 

©-approach spaces form a reflective full subcategories of Cap, and we denote 
the associated reflector by T^. 

2. Regularity and Hom-structures 

If {X, ^) and {Y, r) are two convergence spaces, then we define on the set of 
functions from X to y the preconvergence of continuous convergence [X, Y] by: 

/ e lim[x,y] J" e X,\fg e¥X : X e \im^g =^ fix) e MiJirig, J"), 

where (G,F) := {h{x) : h e F, x £ G} and 

{g,T) ■.= {{G,F) -.G £g, F eT^. 

The condition that / £ lim[x,Y]{/}^ is equivalent to the continuity of /. Thus 
[X, F] is a convergence on the set C{X,Y) of continuous maps from X to Y. 
Continuous convergence is the canonical function space structure in Conv, making 
Conv a cartesian closed category. 
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Theorem 1. [8, Theorem 2.4] // (X,^) and {Y,t) are convergence spaces and Y 
is regular then for every f g Y-^ , and J- G WY-^ , 

f ^Yim^x.Y]^^ f ^C{X,Y). 

The original proof of Wolk using nets is more complicated than the following 
folklore argument: 

Proof. Let G lim^ ^. We want to show that /(xq) G lim^ Since F con- 
verges continuously to /, we have /(xq) G \iuYt{Q^J-). By regularity, /(xq) G 
limT adh'' {Q,T) and f [Q] 3 adh'' {Q,J-) because f{x) G lim^ {x,J-) for each x G 
G G ^ so that /(G) C adh (G, F). Therefore, /(a;o) G lim^ / [Q] and / is continu- 
ous. □ 

Wolk goes on to prove the converse among topological spaces. Namely: 

Theorem 2. [8, Theorem 2.6] If Y is a non-regular topological space then there 
exists a topological space X a function f G Y and a filter T G "^{Y^) with 
f G lim[x.y] T but f is not continuous. 

The proof of Wolk, using nets, is relatively convoluted and doesn't seem to 
straightforwardly extend to a general convergence space Y. A proof using filters 
can be found in (1) iff (2) in Satz 2.2.3], but the construction is also more 
complicated than ours, despite the fact that it only applies to Conv. 

In this section we will provide analogues of Wolk's characterization of regularity 
for CAP spaces, characterizing both regularity and strong regularity in the sense 
of [T] . Our result particularizes to a characterization of a regular convergence space 
that provides a variant of Wolk's for arbitrary convergence spaces Y, and simplifies 
the proof. However, in our construction, X does not need to be topological when 
Y is. 

The Cap analogue of the continuous convergence is defined by (0) 

A[x,y](^)(/) := inf {a G [0, ^] : Vg G FX, Ay {g,J^) (/(•)) < Xx{g){-)ya}. 

We define the (B-default of contraction of a function / G Y'^ , denoted m^{f), in 
the following way: 

me(/) :=inf{aG [0,oo] : £ FX, Ay(/[g])(-) < \x{Q){-)®a]. 

It is clear that a function / is a contraction if and only if m^lf) = 0. Note that 

m+{f) < my{f). 

Theorem 3. A convergence-approach space Y is ®-regular if and only if for every 
convergence approach space X and f G Y^ , 

m^{f)<[ f\ \x.Ym{f)\®\ A \x.Ymu) 



''We could consider a variant with a tensor ffi on [0, oo] verifying HI. Ill and 11.21 1: 

\x,Y]^(J'){f) ■■= mf{a e [0,oo] : Vg G FX, Ay {g,T) (/(■)) < Xx{Q)(-)®a}, 

but that would make little difference in our results, even though it would complicate statements 
by forcing the introduction of two different tensors on [0, cxd]. Thus we prefer focusing on the 
canonical hom-structure A[x,y] of Cap. 
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In particular, considering convergence spaces as convergence-approach spaces, 
we get as an immediate corollary: 

Corollary 4. A convergence space Y is regular if and only if 

f elim[x,Y]J'=^ f eC{X,Y) 

for every convergence space X, every f G Y'^ and every J- G ¥{Y-^). 

We will need the following observation (whose Conv analogue constitutes the 
proof of Theorem [IJ to prove Theorem [3] 

Lemma 5. If a e [0, oo], G E ¥X, T G ¥{Y^) and f eY^ satisfy 

XY{{x,T)){fix))<a, 

for every x G X , then 

Note that the case a = states that if T converges pointwise to f E Y^ then 
for any g E FX, f[g] > adh\^^^{g,^). 

Proof. Let cc G G for some G E g. We consider the filter {{x}'^,J-) on {G,F) for 
F G Then by the assumption, 

Xy{{{x}\m.f{^))<^, 

SO f{x) E (G',i^)("). Thus /(G) C (G,F)(") for any G G ^ and G J", so 
/[a] > (^,^)("). □ 

Proof of Theorem Let 1" be a regular convergence-approach space and let 

c:= A A[x,y](^)(/). 

For e > 0, there is an G ¥{Y'^) such that A[x,y] {J'e){f) < c+e, and, by definition 
of [X,Y], there is < A[x,r] + e < c + 2e such that A(^, j;) (/(•)) < 
\x{g){') V at for every g E ¥X. In particular, 

A {{x}\T,) (fix)) < Xxi{x}^){x) Wa,=a, 

so that f[g] > (a, by Lemma El 

Since Y is ©-regular, 

Ay((^,J-.)("'))(/(-)) < A (g, J-,) (/(•))©«. < (Ax(e)(-)Va.)®a„ 

< Xx{g){-)®{ae®a,), 

using dm) and the fact that V < ©. Thus Ay (/[g])(/(-)) < Ax(^)(-) © {a, © a,) 
because f[g] > {g , J^e)^°''^ ■ However, © < (c + 2e) © (c 4- 2e), and since e is 
arbitrary, the inequality becomes \Y{f[g]){f{-)) < Xx{g){-) © (c©c) by (fL4| . and 
we have that m^{f) < c © c. 

For the converse, assume that y is not ©-regular. Then there exists A 7^ 0, 
i: A'^Y,S : A^¥Y,nE¥A, and yo G r such that 

Ay(4H])(t/o) > Ay(5(H))(yo) © V A,(5(a))(£(a)). 
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LetX := (y X A)UAU{xoo} where Xoo ^ A- Define : YxA Y by pY{y,a) = a 
for all (y, a) e Y x A, and let / : X — >• y be defined by /|^ = £, f\YxA = Py, and 
f{xoo) = yo- Now we define Ax by 



Xx{g){{y,a)) := 
A;f(e)(a) := 

Ax(e?)(a;oo) := < 



if^ = {(y,a)}t 
00 otherwise 

if g - {ay 

Av-(5(a))(/(o)) if e > S{a) x {ajt 
00 otherwise 

ifg = {x^y 

XY{S{n)){yo) iiQ>U 

00 otherwise 



For each B G S{H) there is ils € and for each a e .ffs, there is Sa € <S(a) such 
that UaeH^ C S. Let 

B := {h G Y-^ : h{HB) C B and /i|rxA = and h{xoo) = yo}- 

The collection {B : B G SCH)} has the finite intersection property, and thus 

generates a filter Tq on Y-^ . We claim that A[x.y] (-^o)(/) = 0. 

Indeed, if ^ > 'H then {Q^Tq) > iS('H) by definition of J^o, so that 

Ar((^,^o))(yo) < XY{S{H)){yo) = Ax(^)(xoo). 

If S > S{a) X {a}''' for some a € A, then {g,To) > S{a) because functions in basic 
elements of satisfy f\YxA = Py- Thus, taking into account that /(a) = l{a) 

Ay((a, J'o))(/(a)) < \Y{S{a)){l{a)) = Xx{g){a). 

Finally, if ^ is a principal ultrafilter {t}'^ then {{t}'^,To) = {f{t)Y by definition of 
/ and To. Hence A A[x,r](^)(/) = 0. 

However, Xx{n){xoo) = Ay (5(7^))(yo) and Ay (/[H])(2/o) = Ay (47^])(yo), and 
by our choice oiH, we have XY{e.[H]){yo) > XY{S{H)){yo) © V Ay(5(a))(^(a)). 

Thus the infimum of a's such that Ay(^['H])(j/o) < Xx(^){xoo) ® a is necessarily 




positive, and m(/) > = A \x,y] (-^) (/) ® A \x,y] (^) (/) ■ □ 

J V-^eF(r^) J 

Corollary 6. A convergence- approach space Y is regular if and only if for every 
convergence approach space X and f e Y^ , 

m+(/)<2 /\ A[x,y](-F)(/). 

Corollary 7. ^ convergence-approach space Y is strongly regular if and only if for 
every convergence approach space X and f G Y^ , 

mM)< A \x,Ym{f)- 
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3. Regularity and contractive Extensions 

In this section, we investigate the conditions under which a contractive map 
/ : 5 — > y, where S C X and X, Y are CAP spaces, can be extended to a 
contraction defined on a larger subset of X. Such a result was recently obtained 
by G. J ager [5_J, but we can refine his result in a way that improves upon what 
is known, even in the case of convergence spaces. As a result, we obtain new 
characterizations of regular of strongly regular CAP spaces in terms of a existence 
of contractive extensions of maps. 

Let us first review the situation in Conv. If / : S ^ \t\ is continuous where 
S G 1^1, we define the hull h{S, /) of extensionability of S for f by 

h{S, /) {x e adh^^ : f| linv/[^] ^ 0}. 

Clearly, / admits a continuous extension to SU{x} if and only ii x e h{S, f). Thus, 
the best case scenario is to extend / continuously to h{S, f). 

Recall that a convergence space (X, ^) is diagonal if for every map S : X ^ ¥X 
such that X G limjiS(a;) for all x ^ X, 

lim^J^ C limjiS(J-'), 

for each J" G ¥X. Regularity of Y, together with this global diagonal condition, 
ensure the existence of continuous extensions to h{S, /): 

Theorem 8. |2J ^4 Hausdorff convergence space {Y^t) is regular if and only if for 
every diagonal convergence space (X,^), every subset S of X , and every continuous 
map f : \£^\s\ \t\ there exists a (unique) continuous map f : \£,\h{s.f)\ ^ I''"! with 
f\s = /• 

However, it is apparent that a diagonal condition localized to S should suffice. 
A subspace {S,(,\s) of a convergence space (X,^) is strict if (0) for T e F(adh^S') 
with X e linij J^fiadh^S' there is a Q ^ FX with S E Q, adh^Cy < T, and x G lim^Q. 
It is easily seen that if ^ is diagonal, then every subspace is strict, so that Cook's 
theorem |8] follows from the following result of Fric and Kent (who seem to have 
been unaware of Cook's result). 

Theorem 9. [4, Theorem 1.1] A convergence space {Y,t) is regular if and only if 
whenever (S*, ^i^) is a strict subspace of {h{S, f), ^^^gj^) and f : {S,^\g) — > {Y,t) 
is a continuous map there exists a continuous map f : {h{S, f), S,\h{Sj)) ^ O^i''') 
with f\s = f- 

In fact, the result of [4] Theorem 1.1] is formulated somewhat differently, but is 
essentially equivalent to Theorem [HI Indeed, strict subspaces in [3] are assumed to 
be dense, and the terminology used is different. 

The aforemetioned CAP extension result from ^ mirrors Cook's result (Theorem 
[2]) and is stated below f Theorem [TU)) . Using notion from [5, we define the following 
Cap analogue of the hull of extensionability. Given two CAP spaces (X, Ax) and 



The additional condition that {S,£^^g) is dense in (X, 5), that is adhj5 = X, is usually added, 

e.g., m. 



REGULARITY IN CAP 



9 




{Y, Xy), X ^ X, and e G [0, co], define 

H'g{x) := {Te¥S : XxiJ^){x) < e} 

'{yeY -.VTE H%{x), \Y{m){y) < 4 if ^ 

ifH'six) = 

n ^5(^)7^0}- 

Q!e[o,oo] 

Theorem 10. [S]Lei (X, Ax) &e a diagonal CAP space, {Y,Xy) and let S Q X 
be equipped with the induced convergence- approach limit from Xx ■ Then for every 
contraction f : S Y there exists a contraction g : h{S, f)-^Y with g^g = f . 

Given a contraction f : S ^ Y where 5 C X, we call a function g : h{S, f) 
Y with g|5 — f and g{x) G P| Fg{x) for each x G h{S,f)\S an admissible 

q6[0,oo] 

extension of /. If each g(x) is also a ©-regularity point, then we call g a (B-regular 
extension of /. Note that we can adopt a similar terminology in Conv (Q). 

We generalize Theorem [TU] by introducing the appropriate notion of strictness in 
Cap, and localizing the regularity condition. 

Let {X,X) be a CAP space and S C X. Then S* is a (B-strict subspace if for 
every J" G ¥{3'-°'^) and x G 5^°) there is e > and £ F5 such that g(<^) < J" and 
X{G){x) ® e < X{J'){x). Note that a +- strict subspace is also V-strict. 

Similarly, given e > 0, we call a subspace 5 of a CAP space X e-®-strict if 
for every J" G F(5(°)) and x G 8''°'^ there is ^ G F5 such that < T and 
X{Q){x) © e < X{F){x). Of course, an e-©-strict subspace is ©-strict. In particular 
a subspace of a convergence space is strict if and only if it is ©-strict, equivalently 
e-©-strict for some e < oo, when considered as a CAP space. 

Proposition 11. // (A", A) is a (^-diagonal CAP space, then every subspace is 
0-(B-strict, hence (B-strict. 

Proof Let S C X, and let G F(S'(")) with xq G S^"\ We pick Fq & T with 
Fo C S'(°). For each x G Fq, there is a S{x) G FS* such that X{S{x)){x) = 0. Since 
(A, A) is ©-diagonal, we let Q = S{T) 

A(g)(xo) = A(5(^))(a;o)<A(^)(xo)© V KS{x)){x) ^ X{r){xo). 

xGFq 

□ 

Thus, our Cap analogue of Theorem [5] generalizes Theorem [TUl 

Theorem 12. If S is a (B-strict subspace of a convergence approach space {X, Xx) 
and f : S Y a contraction, then every (B-regular extension g : h{S, f)^Y of f 
is a contraction. 

Proof. Let J' G ¥h{S,f) , xq G h{S,f), and set Xx{J'){xo) — a. Consider g{xQ) G 
Pi F|(xo) where 5 is a ©-regular extension of /. Since (5, (Ax)|s) is a ©-strict 

ee[0,oo] 



^Namely if / : S — > y is continuous for S C X, we call a function g : h{S, f)—>-Y with g^g = / 
and g{x) g f~| linir f[J^] for each x G h{S, f) an admissible extension of f. If moreover 

each is a regularity point, g is a regular extension of f. 
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subspace of X and h{S, f) C 5^"), there is a ^ e FS* and e > such that < J" 
and XxiG)ixQ) © e < Ax(J^)(a;o). Since J" > g^''\ glT] > g[g^'''>], and we claim 
that g[g^''>] > {g[g]Y'^ because g{G^'^) Q (^(G))^'^ Indeed, ii y G giG^"^) there is 
X G G'(') with g(a;) = y. There is a W £ UG C U5 such that X{U){x) < e, that is, 
UGHg{x). Since 5 is an admissible extension of /, y = 5(2::) £ p| ^^(x) so that 

ae[0,oo] 

in particular y £ i^|(a;) and Ay(/[i^])(y) < e. Moreover, /[^] £ F(/(G)) = F(g(G)). 
Thusy £ (g(G))(^). 
Thus 

Ay(5[-F])(5(xo)) < Ay(g[e(^)])(5(a;o)) < Ay (g[e](^))(g(a:o)) - Ay ((/[g])W)(g(a:o)), 

because — f and £ ¥S. 

Moreover, g{xQ) is a ©-regularity point because 5 is a ©-regular extension, 
so that XY{{f[g])'^'^^){gixo)) < XY{f[g]){g{xo)) © e. Since / is a contraction, 
XYif[g]){g{xo)) © e < Ax(^J)(a:^o) © e, by pT5)l . Note that e was picked such that 
Ax(^/)(a;o) © e < Xx{J^){xo), so that Ay (g[J'])(g(a;o)) < Xx{J^){xo), thus showing 
that g is a contractive extension of /. □ 

Corollary 13. If S is a (B-strict subspace of{X,Xx) and (Y,Ay) is a (B-regular 
convergence approach space, then every admissible extension g : h(S, f)^Yofa 
contraction f : S ^ Y is a contraction. 

The restriction of Theorem [T^ to Conv is essentially (in fact, it is slightly more 
general than) the direct part of Theorem [9] 

Corollary 14. If S is a strict subspace of a convergence space X, then every 
regular extension g : h{S, f) ^ Y of a continuous map f : S Y is continuous. 
In particular, if Y is regular, every admissible extension g : h(S, f) ^ Y of a 
continuous map f : S Y is continuous. 

As for the converse, we have: 

Theorem 15. If {Y, Ay) is not (S-regular, then there is a ©-approach space {X, Xx) 
and a ((S -strict) subspace S and a contraction f : S ^ Y which has a non- 
contractive admissible extension. 

Proof Since Y is not ©-regular, there exists A ^ ili, £ : A Y, S : A ^ ¥Y, 
T £ FA, and y^ GY such that 

Xy{l{T\){y^) > Ay(5(^))(yo)© V A,(5(a))(£(a)). 

aeA 

Let {X,Xx) be defined as in the proof of Theorem |31 We let T^Xx denote the 
©-approach reflection of Ax • Then 

Ts,Xx{n){xoo) = Ay(5(.F))(yo) © V Ay(5(a))(^(a)) 

aeA 

iin > N := U n {S{a) x {a}) A {a}t, and T^XxHix) = XxV-ix) for any 

FeJ^aeF 

X e x \ {xoc}- 

Every subspace of {X,T(^Xx) is ©-strict, because T^Xx is ©-diagonal. In par- 
ticular S :— F X A is a ©-strict subspace. Note that / = py is a contraction 
f:S^Y. 
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We claim that h{S,f ) = X. Indeed, A C h{S,f ) because ii H > S{a) x {a}, 
T(sXx{n){a) = XxCH){a) = Ay(5(a))(^(a)). Also, e{a) € f] i^|(a), since 

ee[0,oo] 

i?|(a) = {n e¥S :?{> S{a) x {a}} and f[H] = S{a) imply that Ar (/['H])(^(a)) = 
A(iS(a))(^(a)). Morever x^o £ h{S,f) because j/o G H -FKa^oo)- Indeed, if 

eG[0,oo] 

e < Tg3Ax('H)(xoo) and H > JV, then H^gixoo) = because 7^ > A/" > for 
every G ¥S, so r^Ax(^)(a;oo) > e and ^^(a^oo) = Y- If on the other hand 
e > TQXxi'H){xoo) then 

i?|(a;oo) - {a e : Xx{g){xoo) < e} ^ {G : G > W S}. 

Soforg e i?|(xoo), /[S] > S[T], and Ay(/[a])(yo) < Ay (5[-F])(2/o) < T^Xxin)ixoo) < 
e. Thus yo e FKxoo). 

Consider the admissible extension g : h{S, f) — > F of / defined by g\s = f, 
g\A = I and g{xoo) — J/o- The map g is not contractive because 

Xvigimvo) = Aya[^])(yo) > Ay (5( J-)) (2/0)® V A,(5(a))(^(a)) = TeA^f (-F)(a;oo). 

□ 

From Corollary [13] and Theorem [121 we obtain the following generalizations of 
Theorem |9] to Cap. 

Corollary 16. A convergence-approach space (y, Ay) is ^-regular if and only if 
for each convergence- approach space {X,Xx), ®- strict subspace S, and contraction 
f : S ^ Y , every admissible extension of f is a contraction. 

Corollary 17. A convergence-approach space (y, Ay) is regular if and only if for 
each convergence-approach space (X, Ax), -\— strict subspace S, and contraction f : 
S ^ Y , every admissible extension of f is a contraction. 

Corollary 18. A convergence-approach space (Y, Ay) is strongly regular if and only 
if for each convergence-approach space (X, Xx), \/-strict subspace S , and contraction 
f : S ^ Y , every admissible extension of f is a contraction. 
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